Abstract. This numerical study presents a detailed optimal control design based on the general finite element approach for the integrated design of a structure and its control system. Linear quadratic (LQ) theory with output feedback is considered on the basis of the state space model of the system. Three-dimensional finite elements are used to model the smart structure containing discrete piezoelectric sensors and actuators by the use of combination of solid, transition and shell elements. Since several discrete piezoelectric patches are spatially distributed in the structure to effectively observe and control the vibration of a structure, the system model is thus utilized to design a multi-input-multi-output (MIMO) controller. A modal analysis is performed to transform the coupled finite element equations of motion into the state space model of the system in the modal coordinates. The output feedback controller is then employed to emulate the optimal controller by solving the Riccati equations from the modal space model. An optimal controller design for the vibration suppression of a clamped plate is presented for both the steady state and the transient case. Numerical simulation is also used to predict the reduction in the sound pressure level inside an enclosure radiated from this optimally controlled plate.
Introduction
The design of efficient structural systems is of fundamental interest to both structural and control engineers. Systematic methodologies for both structural and active control system syntheses are well known and are receiving increased application in the design environment. Control system design for large flexible structures is an important and difficult problem because of the interaction between a structure and a control system in active vibration control. A number of important practical considerations such as the discretization of continuum models, the total number of actuators and sensors used and their placement and controller design must be taken into account before real implementation of active control can be put into action. The modeling and analysis of adaptive piezoelectric structures represents a high level of sophistication and complexity. Thus, the development of admissible mechanics for the numerical model as well as a sophisticated control algorithm for smart structures poses a great challenge. For given piezoelectric materials, structure and control domain, an optimum procedure should be investigated for controlling the vibrations of the system. Piezoelectric sensors and actuators have proved to be efficient for sensing and controlling the vibrations of structural members as demonstrated by the very early experiments of Luis and Crawley [1] nearly a quarter century ago. Since then literally hundreds of papers have been written on the vibration control of cantilever beams and plates, and more complex structures, in a variety of journals and conference proceedings [2, 3] . There are two major experimental approaches to structural vibration control. One uses distributed sensors and actuators in the form of piezoelectric polymer films (PVDF) that cover the entire structure and the electrodes deposited on these films are often shaped to shape the electric field to achieve the desired control [4] [5] [6] [7] . These sensors and actuators are called mode shape sensors and actuators because they respond to and control only particular modes of vibration. The difficulty with this approach is that it is impractical and expensive to cover the whole structure or a large part of the structure with piezoelectric films. This changes the structural response of the system completely and there are major manufacturing difficulties.
This paper focuses on discrete piezoelectric sensors and actuators that occupy a relatively small area of structures.
It is unreasonable to use one sensor to obtain the vibration information of all points of the structure. Also, it is difficult to use one single actuator to control the vibration of the structure. Most structures need multiple sensors and actuators to accurately observe and to effectively control the fundamental modes that dominate the structural vibration. The system thus becomes an multi-input-multioutput (MIMO) structure. Piezoelectric transducers made of PZT are also relatively thick and small in size compared to the structure and are spatially distributed in many practical applications. Therefore, discrete sensors and actuators are preferred over distributed piezoelectric films for the multimode control of structures.
The fundamental problem of actively controlling flexible systems is to control a very large dimensional system with a much smaller dimensional controller. The selection of appropriate feedback gains thus presents difficulties for largescale structures that requires an infinite number of vibration modes to describe their dynamics behavior. Moreover, because of economical factors and the limitations of on-board computer capability, the numbers of sensors and actuators available are restricted. To overcome these difficulties, an output feedback controller is preferred [8] . An output feedback system applies control gains directly to sensor outputs, and these signals are fed back to the control actuators. Thus, this method is favorable for the application of discrete piezoelectric sensors and actuators to control large-scale structures. This control hierarchy provides many advantages over the existing state feedback control. No state estimator is involved in this approach and, consequently, this greatly simplifies the internal complexity of the controller and reduces the on-board computer requirement.
Since large-scale structures involve a large number of degrees of freedom, modal reduction techniques are normally used to reduce the system model for controller designs instead of a physical coordinate. This can be achieved by eigenvector assignment using output feedback control. Consequently, active control is reduced to a few low fundamental modes in control of structures in which the unmodeled high frequency residual modes are truncated. The optimal control simulation of piezoelectric smart structures has been successfully investigated in modal space by using the finite element method [9] [10] [11] . Most of them adopt the state feedback control and assume a perfect knowledge about the space, even though the state has to be reconstructed from the sensor signals by an observer in the actual situation. In most applications, particularly in those involving flexible large structures, the plate state (modal coordinates) cannot be physically measured or resolved without employing elaborate and model dependent state estimators. Under these conditions, the implementation of the control algorithm may encounter significant difficulties. Also, this approach can not provide a natural and logical mechanism for implementing the discrete multi-input-multi-output control methodologies.
To overcome the drawbacks of state feedback, the optimal control objective to be achieved by modal output feedback computes the gain matrix to increase the modal damping ratios and natural frequencies of the selected fundamental vibration modes. However, it is not always possible to design the controller as stable as necessary since structural vibration reduction is not always guaranteed. This limitation usually comes when the numbers of the sensors and actuators are a lot smaller than number of vibration modes to be controlled. If there are enough pairs of sensors and actuators, then the output feedback control will show similar performance to state feedback control. The optimal output feedback problem is thus a significant extension of the optimal full state feedback problem.
In this paper, five collocated sensors and actuators are used to effectively control ten modes of the flexible smart panel at different locations. It is well known that collocated sensors and actuators are advantageous from the viewpoint of stability. Also, controllability and observability matrices are full rank, so it is possible to assign virtually arbitrary stability to the controller. This paper demonstrates a detailed description of the integrated finite element capability using output feedback for a controller based on linear quadratic optimal control. For a numerical example, a hybrid approach using finite element formulation for the radiating walls of enclosure is also presented [12] . Interior noise control in a cabin enclosure using active vibration control of the walls of the enclosure with a discrete modeling technique is demonstrated. Though the control forces depend only on the state of the system, namely displacement and velocity, the reduction in the sound pressure level is achieved through actively controlling the modes of vibration which contribute to the radiated pressure inside the enclosure.
Modeling and formulation
A finite element formulation for the dynamic response of a piezoelectric material has been presented in many papers [4, 9, 11] and can be written as
where f b is the body force, f s is the surface force, f c is the concentrated force, q s is the surface charge, q c is the point charge, S 1 is the area where mechanical forces are applied and S 2 is the area where electrical charges are applied. The above matrix equations are written in partitioned form to reflect coupling between elastic and electric field.
The electric field boundary condition requires that the electrode surface is an equipotential one and the summation of the nodal electric charges on it should be zero on the sensor electrodes since they are in 'open circuit' conditions. The external charge applied on the actuator surface needs to be properly provided to produce the desired control forces.
The external charge applied on the actuator surface needs to be properly modeled and cannot be neglected in order to produce the desired control forces. Equation (1) can be condensed to write the sensor potential in terms of the sensor displacement as
After assembling all element matrices, and substituting the foregoing transformation matrix into equation (1), the system dynamic equation is written as
where
{F } and {F c } are called the mechanical force and the control feedback force, respectively. The electrical potential can be recovered from
Note that {Q} is usually zero in the sensor. Thus, the sensor equation is
Control mechanism [4]
The sensor generates voltage outputs when the structure is oscillating. The signal can be amplified and fed back into the actuator using an appropriate controller. The feedback signal to the actuator is represented as
where subscript a is for the actuator and s is for the sensor. The quantities {Φ s } and {Φ s } are obtained from the sensor equation (6) . G d and G v represent respectively the displacement feedback control gain and the velocity feedback gain. As the gains are constant with respect to time and frequency, this controller is known as a constant gain feedback controller. The direct effect in the piezoelectric actuator is negligible because the feedback voltage is much higher than the self-generated voltage. By multiplying the feedback voltage by a capacitance, one can derive the feedback charge injected into the actuator as:
where C is the capacitance of the piezoelectric actuators. The piezoelectric capacitance of the actuator modeled as a parallel plate capacitor can be defined as
where ε 33 is the z-directional permittivity of piezoceramics, A is the actuator area and t pzt is the actuator thickness. Substituting the feedback charge into eqution (4) and utilizing the sensor output signal, the feedback force can be reformulated in matrix form as follows:
where ] have the meaning that the sensed voltage of the j th piezoelectric element is fed back to control the ith piezoelectric element. The feedback control forces should be applied to piezoelectric actuators depending upon the information of velocity and displacement gain components.
Modal analysis
The system equation of motion presented in equation (4) is not suitable for system analysis because the order of degrees of freedom of the system u is usually too large in the finite element method. Therefore, the equation has to be transformed into a set of properly chosen modal coordinates with much smaller and manageable degrees of freedom to supply great computer efficiency. The modal analysis is based on the orthogonality of natural modes and expansion theorem.
The modal extended displacement u is represented by
where [U] is the modal matrix, and q are referred to as modal coordinates. The modal matrix [U] is simply a square matrix in which the columns correspond to eigenvectors of the system, satisfying an eigenvalue problem. For example, the eigenvalue problem associated with the charge control approach is
where ω are the natural frequencies and U are the mode shapes. Substituting equation (10) into equations (4) and (9) and premultiplying both sides of equation (4) 
by [U]
T yields: Considering the orthogonality property, the above equation can be written as
Equation (13) is recognized as the closed-loop equation of motion. The process of using the above equation to control the system is known as modal control. Note that the rate feedback modifies the damping matrix of the system, and the displacement feedback modifies the stiffness matrix of the system. Before the behavior of the closed-loop system can be established, it is necessary to determine the control gain.
Output feedback optimal control
A linear quadratic regulator (LQR) controller based on the modal space model is proposed and the explicit solutions are used for the corresponding Riccati equations of the output feedback optimal controller. In the most general case some of the piezoelectric patches act as actuators and others as sensors, and it is therefore necessary to partition the electrical potential to extract actuator and sensor contributions. By using transformation matrices T a and T s , respectively, for the vectors of the voltages at the actuators and at the sensors, the equation of motion (equation (4)) and the sensor output equation (equation (6)) in terms of a modal coordinate can be expressed as
where T a is the m×n actuator location matrix for the actuator degrees of freedom and T s the n × m sensor location matrix for the sensor degrees of freedom, with m the number of total electrical potential degrees of freedom and n the number of sensors and actuators. The columns of the T a matrix respectively consist of the piezoelectric capacitance values of actuators corresponding to the actuator degrees of freedom, where the rows of the T s matrix contain unit values at the sensor degrees of freedom. The control forces are provided by n force actuators and the sensor voltages are also measured by n sensors.
The governing equation can be written in modal state space form to provide a standard mathematical basis for control studies. The linear time-invariant equations of motion which only include the effects of piezoelectric control forces are expressed as follows: where
where A, B and C are the corresponding state, control and output influence matrices. In direct output feedback, control forces are calculated directly from the multiplication of output measurements by constant feedback gains, expressed as
where G is the time-invariant output feedback gain matrix to be determined by the design procedure. Control forces are just some combinations of output measurements, which in turn are combinations of system states. Based on this representation, the optimal controller can be formulated by calculating the applied voltage to minimize a linear quadratic performance.
where Q (positive semidefinite) and R (positive definite) are weighting matrices to be selected by the designer. The optimal solution is found from the procedure of Athans and Levine [8] that minimizes the expected value of performance index J = tr(PX) where
where P satisfies the Ricatti equation
By applying optimality conditions for above problem, the optimal control gain matrix G can be obtained by solving the following coupled nonlinear algebraic matrix equations simultaneously with equation (19);
Note that P, S and G are matrices to be determined from the above three equations. A c denotes the closed loop system matrix
There exist several numerical approaches to solving equations (19)-(21). In this study, the effective iterative solution algorithm proposed by Moerder and Calise [13] is adopted. The weighting matrix Q for the modal space quadratic performance index is usually assumed to be diagonal and takes the form [14]
However, there are no general guidelines for the choice of R, the weighting matrix for control forces. A diagonal R, as assumed in most applications, may be written as
Radiated sound field inside a rectangular enclosure
Although there are many possible theoretical models for the enclosed sound fields, the modal model, which is more appropriate for low frequency applications, is used here. In the low frequency range the modal model of an enclosed sound field requires relatively few parameters for an adequate description of the spatial and frequency dependency of the field. In this model the pressure at any point inside the The inhomogeneous Helmholtz equation for the cavity pressure field, generated due to vibration of the walls, is given as
where u n is the normal structural displacement and can be written in terms of the shape functions (N s ) and the nodal displacements (u s ) of the structural finite element as
Now substituting the assumed pressure field in equation (26) and using the orthogonality property of the modes, we find The force exerted on the plate structure by the pressure field inside the cavity is calculated as Now the finite element equation of motion for the smart plate structure is rewritten by including this force term along with the other external forces acting on the plate structure. The final coupled fluid-structure finite element equation of motion is written as
The above equation can be solved for the displacements and weighting coefficients A lmn , from which the pressure at any point inside the cavity can be determined from equation (25).
Numerical simulation of the clamped plate
To utilize the advantages of piezoelectric transducers, it is necessary to select appropriate positions of the transducers and to select the sensor signals that are to be fed back to the actuators. The problem of selecting the locations of transducers is a complete problem by itself. In this research, the sensor/actuator pair are preselected and held at a fixed location during the optimization search for control gain. The modal order and the corresponding mode shape function provide a significant insight into the best actuator locations on vibration control. Effective sensing and control depend on the locations of sensors and actuators. The actuator locations are studied in order to maximize actuator effectiveness. The positions of the plate at which the mechanical strain is highest are the best locations for sensors and actuators. Therefore, the objective of the multimode control is to place all of the actuators in regions of high average strain and away from areas of zero strain (nodal line). One advantage of using this prediction is that it guarantees the fewest number of sensors and actuators, the least power and the least coverage of structural area. This method is derived from a structural mechanics standpoint and is relatively simple.
The analysis of active vibration control is performed for the clamped plate. The size of the aluminum plate is 0.305 m × 0.305 m and the thickness is 0.8 mm. The five piezoelectric patches made of PZT-5H [15] are applied for use as collocated sensors and actuators over the upper and lower surfaces for multimode control of vibration of the plates ( figure 1). Figures 2 and 3 show detailed finite element modeling. Twenty-four 20-node solid elements are used in the solid piezoelectric element and the part of the plate beneath the piezoelectric patch. Around the piezoelectric patch, 24 13-node transition elements are used to connect the solid elements to the remaining part of the plate that is modeled by nine-node flat-shell elements. A total of 136 nine-node flat-shell elements are used to model the plate. The upper piezoelectric elements are used as actuators and the lower ones as sensors. The first ten modes of the proposed finite element model are calculated using eigenvalue analysis. The mode shapes upon activation of the embedded collocated piezoelectric patches for the pure plate are shown in figure 4 .
One piezoelectric patch can be placed at the center of the plate. The center of the plate face is the location of the highest strain for the first mode. At this location, the nodal lines corresponding to modes 2, 3, 5 and 6 intersect the piezoelectric patch. These modes may be uncontrollable. On the other hand, the nodal lines corresponding to modes 1 and 4 do not intersect the patch. Therefore, it is anticipated that the symmetric modes 1 and 4 will be completely controlled. It can be predicted that the control effect to modes 2, 3 and 4 can be improved if four more actuators are arranged along the diagonals of the plate (figure 1). In this case, the nodal lines corresponding to modes 2, 3 and 4 do not intersect the patches; these patches should afford some control effect over these modes.
For the given base model, the loci of the closed loop system are plotted in figure 5 . Several trial values of the weighting factor R = diag(r 1 r 2 · · · r n ) are used to determine the optimal gain. The eigenvalues of the open loop system (without control) have zero real parts, because it is assumed that the system has no inherent damping, and the active damping exclusively provides the only damping. When lower control cost weights are used, the poles of the closed loop are moved further to the left, indicating addition of more damping, and this is accomplished with the use of more control input to the structure. The use of a lower R = diag(r 1 r 2 · · · r n ) may extend the applicability of the controller to provide high damping factors. However, further decrease of r I may lead to instability of the system in the closed loop [16] and problems in solving the Riccati equation. The weighting value for the optimal control is therefore chosen to be −1.0 × 10 controlled in applying the output feedback optimal control. The control input is directed to modes that dominate the response. The active damping values for the closed loop system are also listed in figure 5 . The first four modes are significantly damped. However, the fifth damping ratio has hardly been affected by this control strategy because the nodal lines corresponding to this mode intersect all piezoelectric patches as seen in figure 4 . Figure 6 compares the singular value plots (ratio of system input to system output) of the closed loop system with control to the open loop system without control. In the frequency domain, for a linear time-invariant system, the input/output map is linear. This relation is characterized by its transfer function matrix M(s) on the imaginary axis s = iω In figure 7 the disturbance source and actuator location and size are shown in schematics. A harmonic force F = 0.1 e iωt N is applied at point A for the frequency response analysis. The clamped plate is left to vibrate both freely (i.e., uncontrolled) and with applied control forces. The time domain response is also analysed when a unit step force of 0.1 N is applied at point A. Structure damping is not taken into account to show clearly the effects of active damping. All of the piezoelectric patches are used at the same time to allow the possibility of controlling all structural modes simultaneously. The optimal control gain values are simultaneously applied to five collocated piezoelectric patches under the same harmonic and unit step force excitation. For case I, figure 8(a) shows the frequency spectrum measured at point A for optimal control when the harmonic force is excited at point A. Using only five piezoelectric actuators, the amplitude reduction is achieved over all modes with the exception of mode 5. The result also shows that the largest vibration reduction can be achieved with optimal control. From the above results, it can be concluded that the use of an array of appropriately positioned actuators is necessary to provide good controllability of the structure. This means that only spatially discrete actuators are needed to implement multimodal control. This can not be done if the actuator is distributed over the entire surface of the plate. This increased effectiveness is attributed to the actuators' being in the best possible position for control of all structural modes. It is shown in figure 8(b) that the transient noise phenomenon, affected by the superposition of antisymmetric modes at an initial time interval, disappears as time increases. It is possible to estimate that the four control channels that are arranged along the diagonals of the plate have significant practical advantage for noise control. This is due to the fact that these actuator arrangements were tailored for antisymmetric modes. Therefore the higher overall damping and noise suppression efficiency are obtained by optimal feedback control. Figure 9 depicts the uncontrolled plate response in case II when three different harmonic forces are respectively excited at arbitrary locations. Figure 10 shows the closed loop (controlled) system with optimal gain. The plate vibration is significantly attenuated when the control circuit is on. Figure 11 shows the acoustic enclosure and the vibrating panel, that radiates the pressure field into the cavity. A uniform harmonic pressure load, which excites the panel at its resonant frequencies, is applied on the panel surface. The two-dimensional pressure field in the horizontal and vertical planes of the cavity with and without control is plotted in figures 12 and 13. From the plots we observe that, when optimal control gain values are used for the vibration control of the panel, the reduction in the radiated sound pressure field is nearly 20 dB for the first mode and 40 dB for the second mode. The reduction in the radiated sound pressure level for the fourth mode is more than the first mode, because of the fact that the fourth mode has the highest amplitude reduction among the first five modes which is shown in figure 8.
Discussion and conclusions
This paper is concerned with the numerical modeling of discrete piezoelectric sensors and actuators for active modal control of a flexible clamped square plate structure. To avoid difficulty in modeling a plate structure with piezoelectric transducers, a three-dimensional solid element is used for piezoelectric materials and some parts of the structure with the combination of flat-shell and transition elements. Various algorithms for dynamic simulation and active controls are studied. For a large structural system, it is suggested that the model superposition method be used, together with the α-method for time integration, to improve the computational efficiency.
This paper involves combining the knowledge of mode shapes of the plate structure and the piezoelectric behavior to predict the best sensor/actuator pair locations on the plate for given modes and for given boundary conditions. The sensor/actuator arrangement used for this simulation is geared towards the first six mode control. In order to find out the capabilities of this kind of discrete control, the possibility of multimode control is carefully explored. From numerical results, it is possible to surmise that the active control effect can be achieved using a few discrete actuators at carefully selected positions separated from each other over the area of a three-dimensional clamped plate structure. It is shown through finite element simulation that the undesirable vibration due to external disturbance is significantly reduced by employing the proposed control schemes. As a result, it has implications for material savings and reduced power requirements in applications as compared to truly distributed methods. It is found that the effect of displacement feedback with velocity feedback has an important influence in actively controlling the vibration of the system. The study also shows that the radiated sound pressure levels inside an enclosure generated by the vibration of a part of the enclosure wall can be reduced by optimally controlling the modes of the plate.
The problem of selecting appropriate feedback gains is equally important for selecting transducer positions. Therefore, further study of optimal design methods is needed to select optimal gains and placements of actuators by using output feedback control methods. Consideration of other design variables such as the sizes of the sensors/actuators and the number of piezoelectric patches are still to be studied.
